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ABSTRACT J_ In this paper, we first use fractional integral formula to study the fractional integral property of 
ABC and ABR. Secondly, we present integration by parts formulas for the ABC and ABR fractional derivatives 

3 

with Mittag-Leffler kernels when the operators is. Ot £ (1, —) . Finally, we investigate the self-adjointness, 

eigenvalues, and eigenfunction properties of the corresponding fractional Sturm-Liouville equations by using 
fractional integration by parts formulas. 

KEYWORDS: Mittag-Leffler kernels; ABR and ABC fractional derivatives; Sturm- Liouville equations. 

I. INTRODUCTION 

The fractional differential plays a key role in the development of mathematics and science fields ([4], [7], [8]), 
especially for the discrete fractional calculus was of interest among several mathematicians and has been 
developing rapidly. In recent years, it is very meaningful to develop new non-local fractional derivatives ([5], 
[10]). The proposed kernels are non-singular such as those with Mittag-Leffler kernels. What makes those 
fractional derivatives with Mittag-Leffler kernels more interesting is that their corresponding fractional integrals 
contain Riemann-Liouville fractional integrals as a part of their structure. The advantage of develop more efficient 
algorithms in solving fractional dynamical systems by concentrating only on the differential equations. In this 
paper, we present integration by parts formulas for the ABC and ABR fractional differences with Mittag-Leffler 

n 3 

kernels of order (X £ (1, —) which will be used to prove the self-adjointness, eigenvalues, and eigenfunction 

properties of suitable fractional difference Sturm-Liouville equations with proper boundary conditions. From [13], 
we know the classical Sturm-Liouville problem for a linear differen-tial equation of second order is a boundary 
value problem of the form: 


-(pit )+ q(t)x(t ) = Ar(t)x(t), t £ [ a,b ], 
at at 

c x x(a) + c 2 x'(a) = 0 , 

d,\X{b) + d^xfb) = 0 , 

where p, q, r are continuous functions on the interval \a,b\ such as q(t) > 0 , 


r(t) > 0 on \a,b \ . The differential equation can be written in the from: 
L{x) = A r(t)x(t) 


where L(x)= D" ( pit ) D a xj{t ) + q(t)x(t ) . Parameter A for which the above boundary value problem has a 
nontrivial solution is called an eigenvalue. 
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II. PRELIMINARIES 

Definition 1. ([2]) The Mittag-Leffler function of one parameter a is defined by 

£ .(-) = Z r ,'■ ,. .g6C.Re(a)>0 

tsr(a*-+l) 

and the Mittag-Leffler function of two parameters OC, (l is defined by 

K /-) = Z =±—j;,a,/3e c ,Re(a) > 0,Re(P) > 0 

t^T(ak+/J) 

Where E aM) = E a {z). 

Definition 2. ([13]) The left fractional integral of order OC > 0 starting at a has the following from 

u a m)=-^-\\t- s y- 1 f( S )d S 
r(a) Ja 

The right fractional integral of order Ct> 0 ending at h has the following from 

T(a) Jl 

where f lrA} c\e j\/ are continuous on the interval \a,h\. 

3 

Definition 3. ([5]) Let f e H 1 {a,b),Ot e (1, — ),J3 = OC — l,Then the left Caputo fractio¬ 
nal derivative is defined by 

( ARC a D a f){t) =C BC a D p f){t). ( 1 ) 

Then the left Riemann-Liouville fractional derivative is defined by 

r R a D a fm=r R a D p rm. ( 2 ) 

In addition, the corresponding fractional integral is defined by 

Cr/m , cr/m =u p+1 fm o) 

3 

Let f e H ( a,b ), OC e(l, —), f3 = OC — 1, Then the right Caputo fractional derivative is defined by 

( ARC D h “ f )(t) = -C c D h P f')(t) . ( 4 ) 


I— 
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Then the right Riemann-Liouville fractional derivative is defined by 

( ABR D b a f)(t) = -( ABR D l ff')(t), (5) 

the corresponding fractional integral is defined by 

Ci b a fm=(i b AB i/fm. (6) 

From [5], we have 

( ABR D a A Tf)(t ) = f(t), i ABR D a b An I a h f)(t) = -fit). 

3 

Lemma 1. Let f it) are continuous functions on the interval [c/,Z?], (X G (1, —) , then 

i A T ZD a f)it) = fit) -fid)- f\a)it - a), r/“ ABR D° h f)(t) = fib)- fit ), 

{ AB ia ABC D « f)(f) = f(b) _ f(t) _ fmb _ tX ( AB iaA BR D a fm = f(f) 

Proof. Using Definition 1. Let (X — [5 +1, f e (0, —) , we get 

( AB iaA BR D a fm = { J A BjP™ D Pf' ){t )= aI f'it) = fit)-fid). 

n^WDit) = -ih AB ll AHR DU' r m = -ihf')it) = fib)-fit). 

{ ABja ABC D a f)(f) f)(f)= a I[f'<f) _ f , (a)] = f({) _ /(fl) _ /'(*)(, _ fl) . 

n ABC D a b f)it) = ~il b AB I b ABC D b f')f ) = -l b U'it) ~ fib)] = fib) - fit) - fib)ib~t). 

3 

Definition 4. ([3]) Let f e H 1 (ci,b), a <b, CC e (1, —) , the left Caputo fractional derivative is defined by 

ABC D a fit) = - 1 -f (t-xf a f"(x)dx, 

Ti2-a) 

the left Riemann-Liouville fractional derivative is defined by 

ABR D a fit) = ——^J it ~ xf a fix)dx. 

L(2-«) dt Ja 

In addition, the right Caputo fractional derivative is defined by 

ABC D b a fit) = - 1 - \ h ix-t) la f"ix)dx, 

Ti2-a) }l 

the right Riemann-Liouville fractional derivative is defined by 

ABR D b a fit) = -—p—ryyj ix-t) l a fix)dx, 

r( 2 -a) dt Jl 

where B(«) > 0, B( 0) = B(l) = 1. 


" 
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III. MAIN RESULTS 

From[l], recall the left generalized fractional integral operator as 

E a,fl.wy ( P^ = \ X ( S X ~ t " >P lE ap(Mx- t ) a ) < p(t)d t , x> Cl . 

Analogously, the right generalized fractional integral operator can be defined by 

E a.p. K .b = 1 (t-x) p ~ l E? p (w(t-x) a )(p(t)dt,x <b. 


(7) 


( 8 ) 


Lemma 2. Let f &H X (a,b), a<b, (1 G (1,—) , using (\) and (2), then the Caputo fractional derivative with 


Mittag-Leffler kernels is defined by 


ABC j-^a 


D a f(t) = 


B(a- l) £l 
2 -a «4.- 
B(a- 1) 


-i /"( 0, 


2-a 


ABC D b a f{t) = --E 1 a , fit). 

2 -« aX ~2=a- b 


Then the Riemaim-Liouville fractional derivative with Mittag-Leffler kernels is defined by 

= /(0 , 


2-a dr oc.\. 


2-a 


ABR D b a f(t) = - B{0C X) ^E l 


2-a dt z 


\ Jit). 


Proof. Because (f — x) ( “ = exp[ 


a -1 
2-a 


(t — .*;)], and 


1 B(a- 1) 


ABCj-^a . 


fit ) = B( f — f f"ix)exp[-^—^-(t-x)]dx, 

2-a Ja 2-a 


r(2-a) 2-a 

a -1 
2-a 


r 1 . , 

a—\ f ~ 7 _ 

due to exp[ - (t - x)] = 2_. ———-, so 

2-a k=0 Id 


BC a D a f (t) = 


, a-l.k 

B(a~ l) y l 2 -a 
2-a ^ 


Id 


(~—) k 

B{a- 1)^ 2-a 


-z- 


2 — a S? T(a/c +1) 

fix). 


f f"(x)(t — x) k dx 

Ja 

f f\x)(t-x) ak dx 

Ja 


B(a- 1) gl 

2-a 


where a > 0, p > 1, q > 1, -1— < 1 + a ( and q ^ 1 in case —I— = 1 + a). If 

p q p q 

J 'b - i 

ipit)dt= y/it)E „ (pit)dt. 

a a, 1,-,a + Ja a,l, 


1-a 


3 «-1 

Lemma 3. Let f , g G H l (a,b), a G (1, —), % = -, then 

2 2-a 


f git) ABC a Djit)dt = f f (t) ABR Df g(t)dt + 

Ja Ja 


jj(q-l) 

2-a 


f(t)E'git±, 
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\ b g(t) ABC Dff(t)dt = f f(t) AB «D a g(t)dt -^ f{t)E[ , za+ g(t)\ b a 

Ja Ja 2_ QC a > L ’Zi a I 


Proof. Using Lemma 2, we get 

rb 


= E , 

2 - a ’ ,;ir ’ 


5(a-l) i?(a-l) r* 

2-a 


noE 1 ^(o|:-^f/(oV, b - dt 

J aXx.b ow |a Jo //f 2 “d,*,* 


2-a 


dt 


= f(t) ABR Dfg(t)dt + 


B(a-l) 

2-a 




Similarly, the proof of the second part is as follows: 

f g(t) ARC D'ff(t)dt = f b f(t) ABR D a g(t)dt - f(t)E l g(t)\ b a . 

Ja Ja 2_ QC a,A, ^» a I 

Consider the fractional Sturm-liouville problem with Caputo operator as 

AB aD a ( P (t) ABC D“x(t)) + q(t)x(t) = Mt)x(t),t e [a,b ], (9) 

%x(t)= ABC a D a (p(t) ABC Dfx(t)) + q(t)x(t ), 

3 

where a e (1, —), p(t) ^ 0, r(t)> 0, p,q,r are real valued continuous functions on the interval [a,Z?],and 
boundary conditions 

C iKx z .b- X ^ + C 2 ABC °b x ( a ) = 0, (10) 

(id 

where c\ + cj ^ 0, r/j 2 + r/ 2 “ ^ 0 . 

Theorem 1. The fractional Caputo operator 1 L x x(t) is self-adjoint. 

Proof. We have 

(pit) %^(0 = <p(t) ABC a D a ( p(t) ABC D a b ^(0) + q{t)^yp{t) , (12) 

W) c U<p(t) =^^D a (Mi)^A>(0)+g(0^(0 ■ (i3) 

Let (12) subtract to (13), we have 

(p{t) c L lY (t)-Wrhtpi t) = <p(f) ABC a D a (p(t) ARC Df y/ftf)-W) ABC a D a (p(t) ABC Df<p(t)). 

Integrating from a to h, we have 

f [^(0 c L,^(f) 

Ja 

= \\m ABC a D a (p(t) ABC D^)m-[\W) ABC a D a (p( t) ABC Dfcpmdt 

Ja Ja 

= f [p(t) AHC Df y/{t) ABC Df (p(t )]dt - f [p(t) ABC Df(p(t) AHC Df yAf)\dt 

Ja Ja 

= 0 . 
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Hence, < c ftp, I// >=< tp.' fl// > . That is, ‘f is self-adjoint. 

Consider the fractional Sturm-liouville problem with Riemann-Liouville operator as 

^D“(p(O^Z>“jc(f)) + $( t)x(t) = Ar(t)x(t),t e [a,b ], (14) 

%x(t)= AB ZD a (p(t) ABR DZx(t)) + q(t)x(t). 

3 

where Ot e (1, —), pit) ^ 0, r(t) > 0, p, q, r are real valued continuous functions on the interval [a,b ], and 
boundary conditions 

c x E\ lxb _x{a) + c 2 ABR Dfx(a) = 0, (15) 

d 1 E l alzh _x(b) + d 2 ABR DZx(b)=0. (16) 

where cf + tf ^ 0, cf + ^ 0 . 

Theorem 2. The fractional Riemann-Liouville operator R fx(f) is self-adjoint. 

Proof. The proof is similar to that of Theorem 1. 

Theorem 3. The eigenvalues of the Sturm-Liouville equations with Caputo operator are real. 

Proof. Assume that A. is the eigenvalue for (9) corresponding to eigenfunction X , then X and its complex 

conjugate X satisfy 

c fx(t) = Ar{t)x{t), (17) 

c fx(t) = Ar(t)x(t). (18) 

We multiply (17) by x(t ) and (18) by x(t ), respectively, and subtract to obtain 

(A —A)r(t)x(t)x(t) = x(t) c fx(t)—x(t) c fx(t). 

Integrating from a to b , and using Theorem 1, we get 

(A-A)j r(t)\x(t)\ 2 dt = 0, 
and r(t ) > 0 , we conclude that A = A . 

Theorem 4. The eigenvalues of the Sturm-Liouville equations with Caputo operator are real. 

Proof. The proof is similar to that of Theorem 3. 

Theorem 5. The eigenfunctions, corresponding to distinct eigenvalues of the Sturm-Liouville equations (9) are 
orthogonal with respect to the weight function r on [«,/?] that is 

(*4. *a 2 ) = £ r (t)x Al (0^ C t)dt = 0, A 1 *A 2 , 

When the functions X A correspond to eigenvalues A t , i = 1,2 . 

Proof. Let A l and A 2 be two distinct eigenvalues of (9) corresponding to the eigenfuntions x A and x A , 
respectively. Then we have 

ARC a D a ( P (t) ARC Dfx^ (t)) + q(t)x A (t) = fr(t)x At (t) , (19) 

ARC a D a (p(t) Anc Dfx li it)) + q(t)x^ (0 = A 1 r(t)x h it). (20) 
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We multiply (19) and (20) by (t ) and ( t ), respectively, and subtract the results to obtain 

x^ c a D a ( p(t) ABC D“x Ai (0) - ^ (0^ a 0*0^% (0) = (A - Az MO** (0x, 2 (r). 

Now, integrating from a to h. we get 

(A - A,)[ KO-^ (0^ (0 = 0. 

Since f A , it follows that 

f K0** (0^ (0 = 0 , 

Ja 1 2 

which completes the proof. 

Theorem 6. The eigenfunctions, corresponding to distinct eigenvalues of the Sturni-Liouville equations (14) are 
orthogonal with respect to the weight function r on [ci,b] that is 

(-W,. *a 2 ) = £ r(t)x^ (t)x^ (t)dt = 0, A l ^A 2 , 


When the functions x A correspond to eigenvalues f, i = 1,2 . 

Proof. The proof is similar to that of Theorem 5. 
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